Introduction and Preliminaries
In 1912, Bernstein [11] introduced a sequence of operators B n : C[0, 1] → C[0, 1] defined by
for n ∈ N and f ∈ C[0, 1]. These sequence of polynomials possess remarkable properties i.e., positivity, linearity, end point interpolation property and many more, due to this fact these polynomial and their generalization have been intensively studied.
In 1967, Kelisky and Rivlin [18] were the first to investigate the power of the well known Bernstein polynomials, which are defined recursively as B k n ( f ; x) = B n (B k−1 n ( f ; x); x) for k > 1. They studied the convergence of B k n ( f ; x) as k → ∞, both in the case that k is independent of n and when k is a function of n. Later on several researcher have been investigated iterates properties of Bernstein operator from different point of view [13, 15, 34] . In 1987, Lupas [21] introduced a q-analogue of the Bernstein operator and in 1997 another generalization of these operators based on q-integer was introduced by Phillips [32] . For q = 1 these polynomials are the classical ones. In 2002, Oruc and Tuncer [30] and in 2007, Xiang et al. [36] studied the convergence properties for iterates of q-Bernstein polynomial. The convergence of B n ( f, q; x) as q → ∞ and the convergence of the iterates B j n n ( f, q; x) as both n → ∞ and j n → ∞ have been investigated by S. Ostrovska in 2003 (see [31] ). In 2013, Wang and Zhou [35] studied the iterates properties for q-Bernstein Stancu operators.
Fixed point theory is a very wide topic of mathematical research and it has extensive applications in various fields within mathematics as well as outside it. In 1922, the Polish mathematician Stefan Banach established a remarkable fixed point theorem known as the Banach Contraction Principle (BCP) which is one of the most important results of analysis and considered as the main source of metric fixed point theory. Today we have many generalization of this result. In 2014, Jleli and Samet [16] introduced the class of JS-contraction mapping and generalized the Banach Contraction Principle. Recently, Altun, Arifi, Jleli, Lashin and Samet generalized the work of Jleli and Samet and gave a fixed point theorem for a new class of JS-contraction mapping (see [9] ). They also investigated the iterates property of q-Bernstein-Stancu operators and q-Bernstein-Stancu operators of nonlinear type as an application of Theorem 1.2.
Theorem 1.2. ([9]
) Let E be a group with respect to a certain operation +. Let X be a subset of E endowed with a certain metric d such that (X, d) is complete. Let X 0 ⊂ X be a closed subset of X such that X 0 is a subgroup of E. Let T : X → X be a given mapping satisfying
where k ∈ (0, 1) is a constant. Suppose that the operation mapping ± : X → X defined by ±(x, y) = x ± y, (x, y) ∈ X × X is continuous with respect to the metric d. Moreover, suppose that
Then we have
1.
For every x ∈ X, the picard sequence {T n x} converges to a fixed point of T. 2. For every x ∈ X,
where Fix(T) is the set of all fixed point of T, that is,
Now, in this paper as an application of Theorem 1.2, we want to extend the study of the iterates of q-Bernstein operators in two dimensional case. Also, our aim is to study the convergence for iterates of (p, q)-Bernstein operators and bivariate (p, q)-Bernstein operators.
Iterates of q-Bernstein Operators in Two Dimension
In this section we generalize the work of Kelisky and Rivlin on the power of the q-Bernstein operator to the two dimensional case as an application of Theorem 1.2.
q-calculus plays an important role in approximation theory. We recall some definitions of q-calculus (see [35] ). Let k ∈ N and q ∈ (0, 1) then q-integer [k] q is defined as
and for k ∈ N, q-binomial coefficient k r q is defined by
The q-analogue of (1 + x) n q is the polynomial
Iterates of q-Bernstein polynomials are defined as
It is obvious that q-calculus reduce to ordinary when q = 1. Bivariate Bernstein polynomial over a triangle was introduced by Lorentz [20] . Let be the standard triangle in R 2 ,i.e., := {(x, y) : x, y ≥ 0 and x + y ≤ 1}.
For n ∈ N, 0 < q < 1, f ∈ C( ) and (x, y) ∈ , define the bivariate q-Bernstein polynomial as
where
Lemma 2.1. Let e i, j (x, y) = x i y j , where i, j ∈ {0, 1} and i + j < 2 then for 0 < q < 1, (x, y) ∈ , we have 1. B n,q, (e 0,0 ; x, y) = 1, 2. B n,q, (e 1,0 ; x, y) = x, 3. B n,q, (e 0,1 ; x, y) = y.
Lemma 2.2.
The bivariate q-Bernstein operator over a triangle defined by (2) interpolates the function f at each vertex of the triangle, i.e.,
Theorem 2.3. Let B n,q, ( f ; x, y) be the q-Bernstein operator defined in (2) . Then for all f ∈ C( ; R) and all (x, y) ∈
Proof. Let X = E = C( ; R). We endow X with the metric d defined by
Let (x, y) ∈ be fixed. Then, we have
We can easily check that
Applying Theorem 1.2, we deduce that
Let f ∈ X, it is not difficult to observe that the function λ : → R defined by
Observe that
which yield the desired result. Now, we consider bivariate q-Bernstein operator over a square
2 ) and x, y ∈ [0, 1], the bivariate q-Bernstein polynomial is denoted by B n,m,q ( f ; x, y) and is defined as
where 
Let x, y ∈ [0, 1] be fixed. Then we have Therefore, we have
where k = (1 − u n,m ) ∈ (0, 1). Next, let β(x, y) := f (x, y) − B n,m,q ( f ; x, y), x, y ∈ [0, 1]. We can easily check that
By Theorem 1.2, we deduce that
Let f ∈ X, x, y ∈ [0, 1] it is not difficult to observe that the function µ :
belongs to Fix(B n,m,q ( f ; x, y)). Moreover, for all x, y ∈ [0, 1],
Therefore, µ ∈ X 0 ⇒ µ ∈ f + X 0 , As consequence, we get
n,m,q ( f ; x, y), µ) = 0, which completes the proof.
(p, q)-Bernstein Operator
During the last two decades, the application of q-calculus have emerged as a new area in the field of approximation theory, and further (p, q)-calculus is a new generalization of the q-calculus. Recently, Mursaleen et al. [24, 25] applied (p, q)-calculus in approximation theory. For further developments of (p, q)-approximation one can refer to [1-6, 12, 14, 19, 22, 23, 26, 27, 29] . Let us recall some basic notations of (p, q)-calculus:
The (p, q)-factorial [n] p,q ! and (p, q)-binomial coefficients n k p,q are defined as follows
Also, the (p, q)-binomial expansion is
y).
For p = 1, all the notions of (p, q)-calculus are reduced to q-calculus. Mursaleen et al. [24, 25] introduced the (p, q)-analogue of Bernstein operators as follows:
Note that for p = q = 1, the (p, q)-Bernstein operators given by (5) turn out to be Bernstein operator given by (1) . We have the following basic result:
where e i = t i for i=0,1,2.
Iterates of (p, q)-Bernstein Operators
The iterates of positive and linear operators in various classes were intensively investigated in the last decades. The convergence of linear operators using the fixed point theory was introduced by Agratini and Rus [7, 8, 34] . Recently in 2016, Radu [33] investigate the convergence of iterates of q-Bernstein polynomial and (p, q)-Bernstein polynomial by using contraction principle.
Iterates of (p, q)-Bernstein polynomial are defined as
Lemma 4.2. Let n ∈ N * and 0 < q < p ≤ 1, then min 
Then X endowed with metric d is a complete metric space.
Let x ∈ [0, 1] be fixed. Then we have
then by using Lemma 4.1, we get v n > 0 and
Therefore, we have
Applying Theorem 1.2, we find that
Let f ∈ X, it is not difficult to observe that the function ω : [0, 1] → R defined by
belongs to Fix(B n,p,q ( f ; x)). Moreover, for all x ∈ [0, 1]
Therefore, ω ∈ X 0 ⇒ ω ∈ f + X 0 . As consequence, we get
which is the required result.
Kelisky-Rivlin Type Result for Non-linear (p, q)-Bernstein Operator:
For f ∈ C[0, 1], 0 < q < p ≤ 1, and n ∈ N, we define the non-linear (p, q)-Bernstein operators of degree n by
Proof. Let E = C([0, 1], R) and X be defined by
We endow X with the metric d defined by
Then (X, d) is a complete metric space.
where v n is given by equation (6) . Therefore, we have
where We can easily observe that ω ∈ Fix(B * n,p,q ( f ; x)) ∩ ( f + X 0 ). As consequence, we get 
